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Abstract: In this paper, we present a theory of quantum electrodynamics with nonlocal interaction, 
a main characteristic of the theory is that a charged particle situated µx  interacts with 
electromagnetic field situated µy , where )( yaAyx µµµ += , )(yAµ  reads electromagnetic 
4-potential, a is a constant. All the action, the equations of motion of charged particle and 
electromagnetic field are given. For the case of free fields, charged particle and electromagnetic 
field obey the Dirac equation and the Maxwell equation of free fields, respectively; for the case 
with interaction, both the equations of motion of charged particle and electromagnetic field lead to 
current conservation 0)( ,    =xj µ µ  naturally. The theory is Lorentz invariant and gauge invariant 
under a generalized gauge transformation, the generalized gauge transformation can guarantee that 
the temporal gauge condition 0)(0 =xA  holds or the Lorentz gauge condition 0)( ,    =yAµ µ  
holds, respectively. The theory returns to the current QED when a = 0. Finally, taking advantage 
of the Lehmann-Symanzik-Zimmermann approach, we establish the corresponding quantum 
theory. 
Keywords: quantum electrodynamics; nonlocal interaction; the Lehmann-Symanzik-Zimmermann 
formalism 
 
 
 
 
 
 
In this paper, we set 1== hc , the Greek alphabet is raised or lowered by 
)1 ,1 ,1 ,1( diag −−−+=αβη  or αβη , respectively; the value of the Greek and Latin alphabet are 0, 
1, 2, 3 and 1, 2, 3, respectively.  
 
1  The current QED 
As well-known, the action of the current QED is 
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The equation of motion of charged particle and electromagnetic field read 
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For arbitrary function )(xW µ , the operator 
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Both the equations of motion (1-7) and (1-8) lead to the current conservation equation 
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All the action (1-1), the equations of motion (1-7) and (1-8) are invariable under the 
following gauge transformation 
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There are other equivalent forms of the standard form (1-1) of the action of the current QED. 
For example, we can separate formally )(xAµ  into two parts  
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Via integration by parts we have 
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Ignoring the surface terms in (1-14), we have 
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According to (1-16) and (1-17) we have 
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And, further, using integration by parts and considering the characteristic 
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Hence, dropping the total derivative terms in (1-21), we can employ 
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as action of electromagnetic field, and the action (1-1) can be written to the form 
(0)
I//
(0)
I
(0)
EMD
4 )(d SSSxLxS +++= ⊥∫ .                      (1-24) 
We see that all the Lagrangians in (0)EMS , 
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We can prove that the variational equation 0
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According to (1-25) ~ (1-27) we now obtain 
0)(
y
)(
)(δ
δ
)(δ
δ
)(δ
δ
)(δ
δ (0)//I
(0)
I
(0)
EM =−∂
∂−=++= ⊥ yejyF
yA
S
yA
S
yA
S
yA
S
µλ
βλ
µβµµµµ η , 
This is just (1-8). 
Although one has obtained wonderful results in accord with experiments[1] from the current 
QED based on the renormalization method, other models, e.g., nonlocal interaction theories, had 
also been studied. (There are a number of literatures on nonlocal interaction, see, for example, 
Refs [2~5].) In this paper, we present a theory of quantum electrodynamics with nonlocal 
interaction, a main characteristic of the theory is that a charged particle situated µx  interacts with 
electromagnetic field situated µy , where )(yaAyx µµµ += , a is a constant. 
 
2 Some quantities and their characteristics 
    At first, we introduce a constant a, the dimension of )(xaAµ  is length, e.g., meter in the SI 
units.  
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The inverse function )(xµνΩ  of )(xJ µν  satisfies 
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Both J(x) and )(xµνΩ are functions of the first derivative of )(xAµ :  
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According to the characteristics of determinant we have 
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multiplying )(xJ κµ  on the above two formulas, respectively, according to (2-7) we obtain 
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If )(xK µ  is infinitesimal, then ignoring all the qualities of higher than first infinitesimal, we 
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ρρ
λλλλλ
y
yaAyxyyaKyaAyx
x
yaAyxyaKyaAyx
yKkakk
kyaKyaAyx
yaAyxkyaAyxkyKka
yaKyaAyxk
∂
+−∂++−=
∂
+−∂−+−=
−≈=
=++−
+−+−−
++−
∫∫
∫
    (2-38) 
For arbitrary functions )(yf  and )(xg , using the above formulas and integration by parts, 
we have 
( )( ) ( )( )
( )( ) ( ) ( )( ) ( ) , )()()(d)()()(d
)()(d)()(d
44
4
4
4
444
µ
µνµνµ
νν
ΩδΩδ
δδ
y
yfyyaAyxyyfy
y
yaAyxy
yf
x
yaAyxyyfyaAyxy
x
∂
∂+−=−∂
+−∂=
∂
+−∂=+−∂
∂
∫∫
∫∫
  (2-39) 
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( )( ) ( )( )
( ) ( )( ) ( )( ) . )()(d)()()()(d
)()(d)()(d
44
4
4
4
444
µ
µνµ
µν
νν
δδ
δδ
x
xgyaAyxxyJxg
x
yaAyxyJx
xg
y
yaAyxxxgyaAyxx
y
∂
∂+−=∂
+−∂−=
∂
+−∂=+−∂
∂
∫∫
∫∫
    (2-40) 
For the formula 
)()()(d 44 xffx =−∫ ξξδξ ,                        (2-41) 
setting 
)(yaAy µµµξ += ,                           (2-42) 
we have 
yyJyyJy
y
yaAy 4444 d)(d)(d))((d ==∂
+∂= αββ
αα
ξ ;              (2-43) 
Substituting (2-42) and (2-43) to (2-41), we obtain 
( )( ) ( ) )()()(d)( 44 xfyaAyfyaAyxyyJ =++−∫ µµδ .              (2-44) 
We see that )(yJ  is as the Jacobian determinant in the above formula. 
    Especially, if )()( 4 zxxf −= δ  in (2-41), then from (2-44) we have 
( )( ) ( ) )()()(d)( 4444 zxzyaAyyaAyxyyJ −=−++−∫ δδδ .           (2-45) 
We now consider the integral ( ) ( )( ) )()()(d 44 yfzaAzyaAyy +−+∫ δ . If we set (2-43) and 
denote )(0 zaAz
µµµξ += , then the corresponding inverse functions are )(ξµµ yy = and 
µµ ξ zy =)( 0 , respectively; hence, considering (2-44), we obtain 
( ) ( )( ) ( ) ( )( )
( ) . 
)(
)(
))((
))((
))((
))((d
)(
)()()(d)()()()(d
0
0
0
44
4444
zJ
zf
yJ
yf
yJ
yf
yJ
yfzaAzyaAyyyJyfzaAzyaAyy
==−=
+−+=+−+
∫
∫∫
ξ
ξ
ξ
ξξξδξ
δδ
  (2-46) 
If there is a relation between functions )(yf  and )(xg :  
( )( ) )()()(d 44 xgyfyaAyxy =+−∫ δ ,                    (2-47) 
then by calculating the integral ( )( ))(d 44 zaAzxx +−∫ δ  and using (2-48) and (2-46), we obtain 
( )( ) ( )( ) ( )( )( )
( ) ( )( ) . 
)(
)()()()(d
)()()(d  d)()(d
44
444444
zJ
zfyfzaAzyaAyy
yfyaAyxzaAzxxyxgzaAzxx
=+−+=
+−+−=+−
∫
∫∫∫
δ
δδδ
   (2-48) 
2.3  Transverse and longitudinal four-vector, a Green function 
At first, we define transverse four-vector and longitudinal four-vector: 
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,vector -four   
allongitudin
transverse
   a  is  )(   then  
, 0)(
, 0)(   If ] , [
 ,    xW
xW
xW µ
νµ
µ µ
=
=          (2-49) 
where the operator )(] , [ xW νµ  is defined as 
λ
νµλ
λ
µνλµννµνµ ηη
x
xW
x
xWxWxWxW ∂
∂−∂
∂=−≡ )()()()()(  ,  , ] , [ .          (2-50) 
In this paper, we use )(xW µ⊥  and )(// xW
µ  to denote transverse and longitudinal four-vector, 
respectively. 
    Formally, arbitrary four-vector )(xW µ  can be separated into transverse part )(xW µ⊥  and 
longitudinal part )(// xW
µ : 
)()()( // xWxWxW
µµµ += ⊥ ,                         (2-51) 
because 
 , d)(e
)π2(
dd)(e
)π2(
d
)(e
)π2(
dd)()(d)(
4)(i
24
4
4)(i
2
2
4
4
)(i
4
4
444
yyW
k
kkkyyW
k
kkkk
yWkyyWyxyxW
yxkyxk
yxk
ννµννµµν
νµνµµ
δ
δδ
−⋅−⋅
−⋅
∫∫
∫∫
+−=
=−=
   (2-52) 
we therefore can introduce 
yyW
k
kkkkxW yxk 4)(i
2
2
4
4
d)(e
)π2(
d)( νν
µµνµ δ −⋅
⊥
−= ∫ ,              (2-53) 
yyW
k
kkkxW yxk 4)(i24
4
// d)(e)π2(
d)( νν
µµ −⋅∫= ,                 (2-54) 
and, (2-51) thus holds. According to the definition (2-49), we can verify easily that )(xW µ⊥  and 
)(// xW
µ  given by (2-53) and (2-54) are transverse four-vector and longitudinal four-vector indeed, 
respectively. 
As well-known, for arbitrary functions )(xU µ  and )(xV µ , if the equation  
)()(2
2
xV
Dx
xUD µµ =                             (2-55) 
has solution, where the definition of the operator 
2
2 )(
Dx
xUD µ  is given by (1-9), then 0)( =∂
∂
µ
µ
x
xV . 
And, further, if 0)( =∂
∂
µ
µ
x
xV , then the solution of (2-55) can be written to the form: 
)()()()( // xUxUxUxU
µµµµ ++= ⊥ ,                     (2-56) 
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where )(xU µ  is a solution of the equation 0)(2
2
=
Dx
xUD µ
, 
)()(d)( 4 yVyxDyxU µµ −= ∫⊥ ,                       (2-57) 
where the Green function )( yxD −  is 
0
0i
2
0
0i
3
3
i
24
4
e1
π2
d
e
)π2(
de1
)π2(
d)( xkxk
k
kk
k
kxD ⋅−⋅⋅− ⋅−
−=−= ∫∫∫ kkxk ,         (2-58) 
which satisfies 
)()( 4
2
yx
xx
yxD −=∂∂
−∂ δη νµµν .                       (2-59) 
According to the definition (2-49), we can verify easily that )(xU µ⊥  given by (2-57) is a 
transverse four-vector; )(// xU
µ  in (2-56) is an arbitrary longitudinal four-vector. 
 
 
                  (a)                                      (b) 
 
 
                  (c)                                      (d) 
Fig.1 
 
As is well-known, generally speaking, integral )(1
)π2(
d)(1
)π2(
d
2
0
4
4
24
4
k
k
kk
k
k ΣΣ
kk ⋅−= ∫∫  
appearing in (2-53), (2-54) and (2-58) is significative only when we designate an appropriate path 
for the integral of the variable 0k . For example, for any one of the four paths 1C , 2C , 3C  and 
4C  in Fig1. (a), (b), (c) and (d), (2-58) is significative. Especially, (2-58) are so called the 
retarded, advanced Green functions and the Feynman propagator for the paths 1C , 2C , 3C  in 
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Fig1. (a), (b), (c), respectively. For the paths 1C  and 2C , concretely, we have
[1, 6] 
( ) ( )x
x
m00
adv
ret 
)2(
)1( π4
1)()( xxxDxD δθ ±== ;   



<
=
>
=
.0   ,0
;0  ,
2
1
;0    ,1
)(
t
t
t
tθ           (2-60) 
In this paper, once integral of the form )(1
)π2(
d
24
4
k
k
k Σ∫  appears, we do not show a special 
path and always assume that an appropriate path has been already implied in it. However, we 
assume that all paths are the same in different integrals )(1
)π2(
d
124
4
k
k
k Σ∫ , 
)(1
)π2(
d
224
4
k
k
k Σ∫ , ……. 
In the discussion below, generally, we no longer point out what formula in this section is used 
one by one. 
 
3  A theory of quantum electrodynamics with nonlocal interaction 
3.1  An accessorial strength )(~ xFµν  and an accessorial 4-potential )(xµΦ  
For the electromagnetic field strength )(xFµν  given by (1-5), we define an accessorial 
strength )(~ xFµν : 
( )( ) )()()()(d)(~ 44 yFyJyJyaAyxyxF ρσνσµρµν δ +−= ∫ ,               (3-1) 
it is obvious that )(~ xFµν  is antisymmetric in the pair of indices due to )()( yFyF σρρσ −= : 
)(~)(~ xFxF νµµν −= .                            (3-2) 
According to the formulas given by §2, we have 
( )( )
( )( ) ( )
( )( ) ( ) ( )( ), )()(2)()(2
)(
1)(d
)()()()()(d
)()()()(d)(
~
)(~
2 , 
 ,        
 ,  ,     
 ,   
 , 
2
44
44
44
aOyAyAyAyAa
yJ
yaAyxy
yFyJyJy
y
yaAyxy
yFyJyJyaAyxy
xx
xFxF
+++−=
Ω∂
∂+−=
+−∂
∂=∂
∂=∂
∫
∫
∫
γβ
λ
αλγλ
λ
βα
µαβγ
ρσγ
σ
β
ρ
λ
νλ
αν
µαβγ
ρσγ
σ
β
ρν
αν
µαβγν
βγαν
µαβγ
βγα
µαβγ
εδ
δηε
δηεηεε
we see 0)(~ ≠∂ xF βγαµαβγε , this means that there is not any function )(xµφ  such that 
ν
µ
µ
νµν
φφ
x
x
x
xxF ∂
∂−∂
∂= )()()(~ . 
If we define 
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( )( )
( )( )( ), )()()()()(d             
)( )(d)(~)(
44
44
ylyFyJyJyaAyxy
ylyaAyxyxFxF
µνρσνσµρ
µνµνµν
δ
δ
++−=
+−+=
∫
∫
 
and ask that the following three conditions hold: 
① )()( xFxF νµµν −= , which leads to )()( ylyl νµµν = ; 
② ν
µν
ν
µν
x
xF
x
xF
∂
∂=∂
∂ )(~)( , which leads to ( ) 0)()( =∂Ω∂ λ
µνλ
ν
y
yly
; 
③ 0)( =∂ xF βγαµαβγε , which leads to 
( )( ) 0)()()()()( =+Ω∂∂ ylyFyJyJyy βγρσγσβρλνλανµαβγηε , 
then we can prove that such )(yl µν , and, further, such )(xF µν , do not exist.  
On the other hand, according to (3-2) we have 
0)(
~)(~2 =



∂
∂
∂
∂=∂∂
∂
ν
µν
µνµ
µν
x
xF
xxx
xF
,                      (3-3) 
we therefore can define an accessorial 4-potential )(xµΦ  which satisfies: 
ν
µνµ
x
xF
Dx
xΦD
∂
∂−= )(
~)(
2
2
.                          (3-4) 
The solution of (3-4) is 
)()()( // xxx
µµµ ΦΦΦ += ⊥ ,                         (3-5) 




∂
∂−−= ∫⊥ νµνµΦ y yFyxDyx )(
~
 )(d )( 4 .                    (3-6) 
Notice that as the definition of )(xµΦ⊥ , we ignore the part )(xµΦ that satisfies 0)(2
2
=
Dx
xΦD µ
 in 
the solution of the equation (3-4), and, on the other hand, we can choose arbitrary one of the two 
paths 1C  and 2C  in Fig. 1, even some combination of different paths, but not be localized a 
special path for the function )( yxD −  in (3-6). For example, if we do not consider the paths 3C  
and 4C  in classical case, then we can define 




∂
∂−−== ∫∑ ⊥
=
⊥⊥ ν
µνµµµ ΦΦΦ
y
yFyxDyxxdx ii
i
ii
)(~)()()()( )()()(  d      
4
2
1
，           (3-7) 
where both 1d  and 2d  are constants, )()()( 2 ,1  =ixD i  are given by (2-60). In this paper, we 
only discuss the form of (3-6), the method analyzing (3-6) can be generated to the form of (3-7) 
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easily. 
If )(xµΦ⊥  given by (3-6) could be written to the form of 
yyW
k
kkkkxW yxk 4)(i2
2
4
4
d)(~e
)π2(
d)( νν
µµνµ δ −⋅⊥ −= ∫ , then we could find out the corresponding 
longitudinal part  yyW
k
kkkxW yxk 4)(i24
4
// d)(
~e
)π2(
d)( νν
µµ −⋅∫=  naturally. But I cannot write )(xµΦ⊥  
to such form (see the Appendix A of this paper), hence, determining the form of )(// xW
µ , and, 
further, that of )(xW µ , is arbitrary to a certain extent. 
For example, if we define 
( )( ) )()(d)( 44)0( yAyaAyxyx µµ δΦ +−≡ ∫ ,                   (3-8) 
then we can try to choose ( ) yy
k
kkkx yxk 4)0(
i
24
4
// d)(e)π2(
d)( ∫ −⋅= µνµµ ΦΦ . However, in this paper, we 
choose 
( ) ( )( )( )( )
( )( )( )
( )( )( )
, )()(
)()()()()(d
)()()()(e
)π2(
d
 )()()()()(d  de
)π2(
d)(
21
4
2
21
)(i
24
4
21
444i
24
4
//
x
x
x
yAyJbyAyJbyaAyxDy
xx
zAzJbzAzJb
k
kkk
zAzJbzAzJbzaAzyzy
k
kkkx
zaAzxk
yxk
ΘΘη
δΦ
µ
ν
µν
νλνλνµ
νλνλν
µ
νλνλν
µµ
∂=∂
∂≡
++−∂∂
∂=
+=
++−=
∫
∫
∫∫∫
+−⋅
−⋅
(3-9) 
where 
( )( )( )
( )( ) ( )
( )( ) ( )
( )( ) ; )()()()()(d
)()()()()(d 
)()()()()()(d 
)()()()()(d)(
21
4
21
4
21
4
21
4




∂
∂+∂
∂+−=
+∂
∂+−=
+∂
+−−=
++−∂
∂=
∫
∫
∫
∫
σ
ρσρλ
λ
νµνµµ
νλνλµνµ
νλνλν
Ω
Ω
Ω
Θ
y
yAyyJb
y
yAbyaAyxDy
yAyyJbyAb
y
yaAyxDy
yAyJbyAyJby
y
yaAyxDy
yAyJbyAyJbyaAyxDy
x
x
        (3-10) 
Both 1b  and 2b  in (3-9) are constants, and 
121 =+ bb .                              (3-11) 
If we use (3-7), then we can choose  
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( )( ) 



∂
∂+∂
∂+−=
∂==
∫
∑
=
σ
νσνλ
λ
µµµµ
ΩΘ
ΘΦΦΦ
y
yAyyJb
y
yAbyaAyxDyx
xxxdx
ii
ii
i
ii
)()()()()(
)()()()(
)()(
)(//)(//)(//
)(d
 ,       
21
4
2
1
，
      (3-12) 
as the corresponding longitudinal four-vector. However, we only discuss the form of (3-9). 
The function )()()( // xxx
µµµ ΦΦΦ += ⊥  is thus fully determined. Some other expressions of 
)(xµΦ⊥  and )(xµΦ  will be found in the Appendix A of this paper. 
3.2  The action and the equations of motion of charged particle and electromagnetic field 
The action of the system reads 
( ))()()(d)(d IEMD44 xLxLxLxxLxS ++== ∫∫ ,                  (3-13) 
( )( )
( )( ), )()( )()(
4
1
)()( )()(
4
1)(
 , , , ,
 , ,
 , ,EM
xxxx
xxxxxL
ρσσρµννµνσµρ
µννµµννµ
ΦΦΦΦηη
ΦΦΦΦ
⊥⊥⊥⊥ −−−=
−−−=
              (3-14) 
)()()()()()()( //I xxejxxejxxejxL µµµµµµ ΦΦΦ −−=−= ⊥ ,             (3-15) 
where )(D xL  and )(xj
µ  are still given by (1-2) and (1-6), respectively; )(x⊥µΦ  and )(// xµΦ  
are given by (3-6) and (3-9), respectively. 
If we use (3-7) and (3-12), then instead of (3-14), we have 
( )( )
( )( ); )()( )()(
4
1
)()( )()(
4
1)(
 )( )(
 ,
)(
 ,
)(
 ,
)(
 ,
)(
 ,
)(
 ,
)( ,)( ,)()(EM
2
1
)EM(EM
xxxx
xxxxxL
xLdxL
iiii
iiiii
i
ii
ρσσρµννµνσµρ
µννµµννµ
ΦΦΦΦηη
ΦΦΦΦ
⊥⊥⊥⊥
=
−−−=
−−−=
=∑ ，
            (3-16) 
For this case, the forms of )(x⊥µΦ  and )(// xµΦ in (3-15) are (3-7) and (3-12), respectively. 
However, we only discuss the form of (3-14). 
According to the Euler-Langrange equation 0
))((
)(
)(
)( =∂∂
∂∂−∂
∂
x
xL
x
xL
ψψ µµ  we obtain the 
equation of motion of charged particle field immediately 
)()()()()()()(i // xxexxexxexmx
ψΦγψΦγψΦγψγ µµµµµµµµ +==

 −∂
∂
⊥ .        (3-17) 
According to (3-17), the equation of motion of free particle field is the usual form: 
0)(i =

 −∂
∂ xm
x
ψγ µµ .                         (3-18) 
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We can verify easily that the equation (3-17) leads to the current conservation equation 
(1-10). 
The classical limit of the equation (3-17) is 
( ) ( ) νµννµνµννµµ ΦΦΦΦτ UxxeUxxeUm  )()( )()(dd  , , , , ⊥⊥ −=−= , 
where τ
µµ
d
dxU = , this is a generalization of the Lorentz force. 
In the Appendix B of this paper, we shall prove that the variational equation 0
)(δ
δ =
yA
S
µ  
leads to the equation of motion of electromagnetic field 
( )( )
. ))(()()(
)()(d)()()()( 44
2
2
yaAyjyyeJ
yaAyxxxjyyeJyA
Dy
D
y
yF
+=
+−==∂
∂− ∫
νµν
νµνµν
µν
Ω
δΩ
       (3-19) 
Among the four equations of (3-19), there is not any second time derivative term in the 
equation corresponding to 0=µ : 
( ) ( )( )∫ +−=−∂∂ )()(d)()()()( 4400 ,  , 0 yaAyxxxjyyeJyAyAy iii δΩ νν ;       (3-20) 
and there is a second time derivative term in the rest three equation corresponding to 3 ,2 ,1== iµ , 
respectively: 
( ) ( )
( )( ). )()(d)()(
)()()()(
44
 ,  ,  , 00 , 
0
∫ +−=
−∂
∂+−∂
∂
yaAyxxxjyyeJ
yAyA
y
yAyA
y
i
ijji
j
ii
δΩ νν
               (3-21) 
It is important that according to (3-19) the equation of motion of free electromagnetic field is 
the usual form: 
0
)(
 )(
2
2
=∂
∂−= ν
µνµ
y
yFyA
Dy
D .                       (3-22) 
From (3-19) we have 
( )( )( )
( ) ( )( ) ( )( )
( )( ) ( )( )
( )( ) 23)-(3                                                                                     , d
dd
dd
d 0 
44
44
4
4
4
444
44
2
22
∫
∫∫
∫∫
∫
+−∂
∂=
+−∂
∂=∂
+−∂−=
∂
+−∂++−∂
∂=
+−∂
∂=



∂
∂=∂∂
∂−=
)()()(
)()()()()()()()(
)()()()()()()()(
)()()()()()(
yaAyx
x
xjxyeJ
yaAyx
x
xjxyeJ
x
yaAyxxxjyJyyeJ
y
yaAyxxxjyyeJyaAyxxxj
y
yyJe
yaAyxxxjyyJ
y
eyA
Dy
D
yyy
yF
δ
δδδΩ
δΩδΩ
δΩ
λ
λ
λ
νλνλ
νλµµν
µ
νµννµ
µν
νµνµ
µ
µνµ
µν
 
we therefore see that (3-19) leads to the current conservation equation (1-10). 
If we calculate ( )( ) )()(d 44 yJyaAyxy ρµδ∫ +−  for (3-19), then we obtain: 
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( )( )
( )( ) ; )()()(d
)()()(d)( 
2
2
44
44
yA
Dy
DyJyaAyxy
y
yFyJyaAyxyxej
νµν
σ
ρσµρµ
δ
δ
∫
∫
+−=
∂
∂+−−=
              (3-24) 
This is an equivalent form of (3-19); and from (3-24) we have 
( )( )
( )( )
( )( )
( )( ) , 0)()(d 
)()(d
)()()()(d
)()()(d)(
2
44
44
4
4
4
4
=∂∂
∂+−−=




∂
∂
∂
∂+−−=
∂
∂
∂
+−∂=
∂
∂
∂
+−∂−=∂
∂
∫
∫
∫
∫
σρ
ρσ
σ
ρσνρν
σ
ρσµρνµν
σ
ρσµρµµ
µ
δ
δδ
Ωδ
δ
yy
yFyaAyxy
y
yF
y
yaAyxy
y
yFyJy
y
yaAyxy
y
yFyJ
x
yaAyxy
x
xje
 
we therefore obtain the current conservation equation (1-10) again from (3-24). 
Notice 0)( ,  ,    =yFA ρσµ σρ  due to )()( yFyF σρρσ −= , we have, 
( )
, )()()()()(
)(
)()(
)()()(
 ,  ,    σ
ρσµρσ
ρσµρρσµ σρ
σ
ρσµρρσσ
µρ
σ
ρσµρ
y
yFyJ
y
yFyJyFaA
y
yFyJyF
y
yJ
y
yFyJ
∂
∂=∂
∂+=
∂
∂+∂
∂=∂
∂
 
And, further 
( )( )
( )( ) ( )
( )( )
( )( )
( )( )
; )()(
~
)()()()(d
)()()()(d
)()()(d 
)()(
)(d
)()()(d
2
2
44
4
4
4
4
44
44
Dx
xD
x
xF
yFyJyJyaAyxy
x
yFyJyJ
x
yaAyxy
yFyJ
y
yaAyxy
y
yFyJ
yaAyxy
y
yFyJyaAyxy
µ
ν
µν
ρσνσµρν
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∂
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∂
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∂
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∂
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∫
∫
∫
∫
∫
               (3-25) 
Taking advantage of (3-25), from (3-24) we obtain the third form of the equation of motion of 
electromagnetic field: 
)()(
~)(
2
2
xej
x
xF
Dx
xD µ
ν
µνµΦ =∂
∂−= .                      (3-26) 
Considering (3-3), from (3-26) we can obtain the current conservation equation (1-10) 
immediately. 
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4  Gauge invariance 
We investigate the transformational relations between two groups of fields )( ,)( xAx µψ ′′  
and )( ,)( xAx µψ . We assume that the transformational relation between )(xψ ′  and )(xψ  is 
still (1-12), however, instead of (1-11), we assume that the transformational relation between 
)(xA µ′  and )(xAµ  is 
)()()( xKxAxA µµµ +=′ .                        (4-1) 
At first, we ask that the equation of motion of electromagnetic field (3-26) is invariable under 
the transformation (1-12) and (4-1). Due to  
)()()()(ee)()()()( )(i)(i xjxxxxxxxj xexe µµχµχµµ ψγψψγψψγψ ===′′=′ − , 
we see that the equation of motion of electromagnetic field (3-26) is invariable under the 
transformation (1-12) and (4-1) if and only if 
ν
µν
ν
µν
x
xF
x
xF
∂
∂=∂
′∂ )(~)(~ .                           (4-2) 
under the transformation (4-1). For guaranteeing that (4-2) holds, what condition must be satisfied 
for the function )(xK µ ? We discuss this question for the cases that )(xK µ  is infinitesimal and 
finite, respectively. 
① The case that )(xK µ  is infinitesimal 
According to (4-1), we have 
( ) ( ) ( )
( ), )()()( )()()()()()()(
, )()(
)()()(
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 ,  , 
 ,  ,  ,  ,  ,  , 
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−+−=′−′=′
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∂+∂
+∂=∂
′+∂=′
    (4-3) 
when )(xK µ  is infinitesimal, from (3-25) for )(xA µ′  and (4-1) we have 
( )( )
( )( ) ( ) ( )
( )( ) ( )
( )
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∂
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∫
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∫
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σ
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σ
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τ
λτλ
σ
ρσσρ
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σ
ρσµρν
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Ω
δ
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δ
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y
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y
a
y
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y
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Dy
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y
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y
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y
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y
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y
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x
xF
  (4-4) 
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In the above expression, we have ignored all the qualities of higher than first infinitesimal, such as 
 
)(
)()(  , 
)(
)(  ,    2
2
 ,    σ
ρσµ ρλ
ρµ ρ
y
yFyKyK
Dy
yKDyK ∂
∂ , etc.  
Due to (4-2), we compare (4-4) and ν
µν
x
xF
∂
∂ )(~  given by (3-25) and have 
0
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)(  ,   2
2
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multiplying )(yνµΩ , we obtain 
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,    (4-5) 
the infinitesimal )(xK µ  thus can be determined by the equation (4-5). 
② The case that )(xK µ  is finite 
If we want to use the method similar to that of discussing the case that )(xK µ  is 
infinitesimal to discuss the case that )(xK µ  is finite, then at first we have 
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we see that this method is very complicated. 
    Another method that discusses the case that )(xK µ  is finite can be found in the Appendix C 
of this paper. 
Here we consider the Taylor's expansion of ( )( ))(4 yaAyx +−δ  about the power of a 
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where 
n
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xyyA ∂
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4δ   is the abbreviation for 
n
n
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xyyAyAyA
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λλλ δ
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21
)()()()(
4
. 
According to the above formula and integration by parts, (3-1) becomes 
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We see that )()( xF n
µν  is a function of )(xAρ  and its derivative 
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and we have 
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For )(xA µ′ , (4-9) becomes 
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According to (4-2) and, thus, comparing (4-9) with (4-10), we see that (4-2) holds if and only if 
)(xK µ  satisfies 
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      (4-11) 
Assuming 
)()( )(
0
xKaxK n
n
n µµ ∑∞
=
= ,                         (4-12) 
substituting the above expression to (4-11) and comparing the power of a one by one, we first 
have 
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the solution of the above equation is 
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µνµµ θηθ
x
x
xxK ∂
∂=∂= )()()( )0()0()0( .                    (4-14) 
where )()0( xθ  is an arbitrary scalar function. And, further, 
( )µµµα χγβλ τρµµ )1()2()1( ,  ,  ,  ,    ,   )(2)(2  , ,  ,  ;  ,  ,  , ; )( −= nnn KKKAAAxRDx xKD LL L   ( L ,3 ,2 ,1=n ),  (4-15) 
where µ )(nR , of which the independent variable is x, is a function of 
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And, further, if we assume 
)()()( )//()()( xKxKxK nnn
µµµ += ⊥   ( L ,3 ,2 ,1=n ),                (4-17) 
then (4-15) cannot determine )()//( xK n
µ  duo to 
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⊥= , we therefore have 
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xxK nnn ∂
∂=∂= )()()( )()()//(   ( L ,3 ,2 ,1=n ),            (4-18) 
where )()( xnθ  ( L ,3 ,2 ,1=n ) are arbitrary scalar functions; the form of the function µ )(nR  in 
(4-15) becomes 
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   (4-19) 
According to (4-18), (4-15) and (4-19), we can obtain )()( xK n
µ
⊥  ( L ,3 ,2 ,1=n ) one by one. 
    We therefore have determined the transformational relation (4-1) under the condition (4-2).  
Contrarily, it is obvious that if )(xK µ  satisfies (4-12) ~ (4-19), then under the transformational 
relation (4-1), (4-2) holds and the equation of motion of electromagnetic field (3-26) is invariable. 
As a consequence, according to the above discussion, )(xµΦ⊥  defined by (3-6) is also 
invariable under the transformational relation (4-1): 
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~
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 )(d )( 44 x
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


∂
′∂−−=′ ∫∫ ,    (4-20) 
where (4-2) is used. )(EM xL  given by (3-14) is thus invariable under the transformational 
relation (4-1). 
 22
Under the transformation (1-12) and (4-1), the transformation manner of the equation of 
motion of charged particle field (3-17) reads 
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    (4-21) 
where (4-20) and (3-9) are used. We see that (3-17) is also invariable under the transformational 
relation (1-12) and (4-1) as long as we choose 
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In (4-22) , )( yA µ′  is replaced by )()( yKyA µµ + , )(xK µ  is given by (4-12) ~ (4-19). 
It is obvious that taking advantage of the above method we can prove that )()( ID xLxL +  in 
(3-13) is also invariable under the transformational relation (1-12), (4-22) and (4-1), where 
)(D xL  and )(I xL  are given by (1-2) and (3-15), respectively. 
We therefore have proved that all the action, the equations of motion of charged particle and 
electromagnetic field of the nonlocal interaction theory given by (3-13) ~ (3-15), (3-17) and (3-26) 
respectively are invariable under the transformational relation (1-12), (4-22) and (4-1). 
The transformation (4-1) can guarantee that one can always choose a special component of 
)(xAµ  for which the temporal gauge condition 
  0)(0 =xA                              (4-23) 
holds. In fact, according to the above discussion we have 
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especially, according to (4-15), (4-19) and 
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  (4-25) 
We see that )()( xK n
µ
⊥  is at most relevant to )()1( xn−θ  but not to )()( xnθ . Hence, if 0)(0 ≠xA  
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for a component of )(xAµ , then we can choose 
L ,3 ,2 ,1  , )()(   ; )()( 0 )()(00)0(0 =−=∂−=∂ ⊥ nxKxxAx nnθθ ,           (4-26) 
and the component of )(xA µ′  thus satisfy 0)(0 =′ xA . 
The transformation (4-1) can also guarantee that one can always choose a special component 
of )(xAµ  for which the Lorentz gauge condition 
  0)( =∂
∂
λ
λ
y
yA                              (4-27) 
holds. In fact, from (4-24) and considering 0)( , )( =⊥ xK nµ µ , we have 
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Hence, if 0)( ,    ≠xAµ µ  for a component of )(xAµ , then we can choose 
L ,3 ,2 ,1  , 0)(   ; )()( )( ,    )0( ==−=∂∂ nxxAx nθθ µ µµµ ,              (4-29) 
the component of )(xA µ′  thus satisfy 0)( ,    =′ xA µ µ . 
    Under the Lorentz gauge condition (4-27), the equation of motion of electromagnetic field 
(3-19) becomes 
( )∫ −+=∂∂ xyaAyxxjyyeJyA )()(d)()()( 44 δΩ νµνµνν ,             (4-30) 
after some calculation similar to (3-23) we have 
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according to the current conservation equation (1-10) we obtain 
0)( ,    =∂∂ yAµ µνν .                           (4-31) 
(4-31) means that )( ,    yA
µ µ  is free field, this conclusion is the same as the current QED. 
From (3-9) ~ (3-11) we see that if we choose 11 =b , 02 =b  and the Lorentz gauge 
condition 0)( =∂
∂
λ
λ
y
yA , then ( )( ) 0)()(d)( 4// =∂
∂
∂
+−∂= ∫ λλµµ y yAx yaAyxDyxΦ ; and, further, 
0=∂
∂=∂
∂ ⊥
µ
µ
µ
µ
x
xΦ
x
xΦ )()( . 
The transformational relation (1-12), (4-22) and (4-1) are a generalization of the gauge 
transformation (1-12) and (1-11), we call them generalized gauge transformation. 
     
5  Quantization of the theory 
5.1  Some notes about methods of quantization of nonlocal theory 
If we want to use the method of canonical quantization to establish a corresponding quantum 
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theory for the theory of quantum electrodynamics with nonlocal interaction given in this paper, 
then what we must do first is to obtain the momenta )(yµπ  conjugate to )(yAµ  from the action 
(3-13). However, if we use the form of the action given by (B-1), (B-2), (B-6) and (B-7) in the 
Appendix B of this paper, then we obtain 0)( =yµπ , the similar case for the current QED as well. 
The concrete calculation process of this conclusion can be found in the Appendix D of this paper. 
Hence, if we want to use the method of canonical quantization, then it seems as if we should 
seek an appropriate action being equivalent to (3-13). However, in principle, the Hamiltonian 
representation of a nonlocal theory is full of uncertainties[7, 8]. 
A method in common use in quantization of nonlocal theory is that by introducing new field 
variables one changes the nonlocal theory to local form (See, for example, Ref [9 ~ 11]). In fact, 
the nonlocal theory given in this paper has already been written to local form via the variable 
)(xµΦ , because all (3-13) ~ (3-15) are local form. However, we can not use this method to realize 
quantization of the nonlocal theory, because via quantum theory about the field )(xµΦ  we can 
not obtain a correct quantum theory about the field )(xAµ . For example, if we choose the 
temporal gauge condition 0)(0 =xA , then 0)(0 ≠xΦ ; If we choose the Lorentz gauge condition 
0)( =∂
∂
λ
λ
y
yA , and take 02 ≠b  in (3-9) ~ (3-11), then 0)( ≠∂
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λ
λΦ
y
y .  
Besides the difference of choice of gauge condition, we investigate the case of free field. If we 
choose the Lorentz gauge condition 0)( =∂
∂
λ
λ
y
yA , then according to (3-22), )(xAµ  satisfy 
0)(
2
=∂∂
∂
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xx
xA . Hence, after both ) , ( 0 xtA
µ  and ) , ( 0 xtAµ&  of initial time 0t  are given, we 
have [1, 6] 
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After obtaining )(xAµ  by (5-1), we can obtain corresponding )(xµΦ  according to (A-15) in 
the Appendix A of this paper. 
 On the other hand, for this case, if we choose 11 =b , 02 =b  in (3-9) ~ (3-11), then 
according to the discussion below (4-31), for )(xµΦ  we have also 0=∂
∂=∂
∂ ⊥
µ
µ
µ
µ
x
xΦ
x
xΦ )()(  and 
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0)(
2
=∂∂
∂
νµ
µµν Φη
xx
x . Hence, if we obtain the solution of the equation 0)(
2
=∂∂
∂
νµ
λµν Φη
xx
x  by the 
formula (5-1): 
( ) ( ) ) , ( , d) , ( , d) , (~ 003001 3 xxxxxxx ′′−−′−′′−−′= ∫∫ tttxtttxt µµµ Φ∆Φ∆Φ & , 
then we can prove that such )()(~ xx µµ ΦΦ ≠  obtained by (A-15) in the Appendix A of this paper. 
This result shows that we can not use methods of quantization of local theory for )(xµΦ  to 
realize quantization of the nonlocal theory for )(xAµ , the corresponding characteristic of this 
result in quantum theory is that we can not use the solutions of the equation 0)(
2
=∂∂
∂
νµ
λµν Φη
xx
x  
that the field operators )(xµΦ  satisfy in the Heisenberg picture to construct the Fock space of 
the field operators )(xAµ . 
Another method in common use in quantization of nonlocal theory is changing nonlocal 
theory to higher-derivative theory[12 ~ 15]. However, from (A-16) ~ (A-20) in the Appendix A we 
see that what we now face is a theory including infinite higher time derivative terms; besides these 
infinite higher time derivative terms, there are still nonlocal spatial terms in the theory. 
If we use the method of path integral and write out the vacuum-vacuum transition amplitude 
and the generating functional of the theory under certain gauge condition formally, the extra 
relative time variable arising from the retarded or advanced Green functions leads to trouble. (We 
don't discuss this question in detail here.) 
In next discussion, we first give some characteristics of electromagnetic field under the 
temporal gauge condition, and then, state the Lehmann-Symanzik-Zimmermann formalism[1, 6, 
16~21] of the current quantum electrodynamics under the temporal gauge condition, which is based 
on the equations of motion of operators but not on Lagrangian or Hamiltonian; finally, by 
generalizing this formalism we establish a quantum theory of the nonlocal theory given by this 
paper. 
5.2  Some characteristics of electromagnetic field under the temporal gauge condition 
    At first, we discuss the classical case. 
    For the case of free electromagnetic field under the temporal gauge condition, the equation of 
motion of electromagnetic field reads 
0) , () , () , ( =⋅∇∇+∇⋅∇− XAXAXA TTT&& .                  (5-2) 
Employing the standard method of Green functions[22] , the odd and even solutions of (5-2) are 
( )[ ] ( ) ( ) ( )
( )[ ] ( ) ( ),e )()( )()( sin
π)2(
d
)()(e )()(e
 sin
π)2(
d
)  , ;  ,(
i
)3()3(0)3()3(
0
3
3
2
1
)3()3(
i
0)()(
i0
3
3
01 
XXK
XXKXXK
KεKεKεKε
K
K
KεKεKεKε
K
K
XX
′−⋅→→
=
′−⋅′−⋅
→→


 −+


 −−=





 −+


 −=
′
∫
∑∫
TTI
TTK
TT
TTK
TT
λ
λλ
∆
 (5-3) 
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( )[ ] ( ) ( ) }
( )[ ] ( ) 4)-(5                              , e)()()()(  cos
π)2(
d
)()(e)()(e  cos
π)2(
d)  , ;  ,(
i
)3()3()3()3(03
3
)3()3(
i
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1
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i
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3
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
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 −−=
+

 −=′
∫
∑∫
ITTK
TTKTT
λ
λλ∆
 
respectively; where 3-dimentional polarisation vectors )3 ,2 ,1(  )()( =λλ Kε  satisfy[6] 
))(()()()3( )()( , )( λλλλ δ ′′ =⋅= KεKεK
KKε ,∑
=
→→=
3
1
)()( )()(
λ
λλ IKεKε , )()1()( )()( KεKε λλλ −=− . (5-5) 
We have 
T
TTTT    ;     ;  01 0 ∂
′∂=′
→→→→ ),,(),,( XXXX ∆∆ .                   (5-6) 
    After ) , ( 0 XA T  and ) , ( 0 XA T&  of initial time 0T  are given, the solution of (5-2) is 
) , ()  , ;  ,(d) , ()  , ;  ,(d) , ( 001 
3
00
3 XAXXXAXXXA ′⋅′′+′⋅′′= →→→→ ∫∫ TTTXTTTXT &∆∆ .  (5-7) 
In the calculation of (5-7), for instance, 
( ) ( )[ ] ( ) . ) , ( sine 
π)2(
d
) , ()  , ;  ,(
3
1
0202
0i
3
3
001 
∑∫
=
′−⋅
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

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
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

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

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 ′⋅′
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jiji
ij
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TAKKTTKK
TTK
TTT
X
KKK
K
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XXK &
&
δ
∆
 
    Using )  , ;  ,( 01 XX ′
→→
TT∆  we can introduce the corresponding retarded, advanced Green 
functions 
( )( ) )  , ;  ,()  , ;  ,( 1 0
adv 
ret 
 XXXX ′′−±±=′′ →→→→ TTTTTT ∆θ∆ ,              (5-8) 
which satisfy 
( ) . 
)  , ;  ,()  , ;  ,(
)  , ;  ,(
4
adv 
ret 
 
adv 
ret 
 
2
adv 
ret 
 2
→→
→→→→
→→
′−=
′′⋅∇∇+′′∇⋅∇−∂
′′∂
IXX
TTTT
T
TT
δ
∆∆
∆
XXXX
XX
    (5-9) 
Taking advantage of )  , ;  ,(
adv 
ret 
 XX ′′→→ TT∆ , a solution of the equation of motion of 
electromagnetic field with source 
) , () , () , () , ( XζXAXAXA TeTTT =⋅∇∇+∇⋅∇−&&               (5-10) 
can be written to the form 
) , ()  , ;  ,(dd) , () , (
adv 
ret 
 3 XζXXXAXA ′′⋅′′′′+= →→∫∫ TeTTXTTT ∆ ,       (5-11) 
where ) , ( XA T  is a solution of the equation of motion of free electromagnetic field (5-2). 
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We only discuss quantum free electromagnetic field here. For this case, (5-2) is now an 
equation that the operators ) , ( XA T  satisfy in the Heisenberg picture, which can be obtained by 
the following commutation relations, the Hamiltonian and the equations of motion: 
[ ] 0others   , )(i) , ( , ) , ( 3 =′−=′ XXXX δδ ijji TπTA ;              (5-12) 
∫  ×∇⋅×∇+⋅= )) , (()) , ((21) , () , (21d3EM XAXAXπXπ TTTTXH ,       (5-13) 
[ ] ) , ( , ) , (i) , ( EM XπXAXA THTT =−=& ,                  (5-14) 
[ ] ) , () , ( , ) , (i) , ( EM XAXAXπXπ TTHTT ⋅∇∇−∇⋅∇=−=& .           (5-15) 
For seeking a separable solution of the eigenvalue equation of (5-13), we set 
( )
( ) , ) ,(e)(
π)2(
ddi                  
e ) ,()() ,()(
π)2(
d) ,(
i
)3(3
3
3
i
2
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)()()()()()(3/2
3
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∑∫
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    (5-16) 
( )
( ) , ) ,(e)(
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ddi                  
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3
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XXK
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   (5-17) 
where 
2 ,1   ;i  ,
2
1
)()()()( ===∗ λλλλλ vuvv K
K
.                  (5-18) 
According to (5-16) ~ (5-18) and (5-5) we have 
( )
( ) ; 2 ,1  ; e ) ,() ,()(
π)2(
di) ,(
, e ) ,() ,()(
π)2(
di) ,(
i
)()()(3/2
3
)(
i
)()()(3/2
3
)(
=−⋅=
−⋅−=
⋅∗∗∗
⋅−
∫
∫
λλλλλ
λλλλ
XK
XK
XπXAKεK
XπXAKεK
TvTuXTa
TvTuXTa
      (5-19) 
( )
( ) . e ) ,()(
π)2(
ddi) ,(
  , e ) ,()(
π)2(
ddi) ,(
i
)3(3
3
3
i
)3(3
3
3
XXK
XXK
XπKεX
XAKεX
′−⋅−
′−⋅
′⋅′−=
′⋅′=
∫∫
∫∫
TKXTP
TKXTQ
             (5-20) 
From (5-12), (5-19) and (5-20) we obtain the following commutation relations: 
[ ] )() ,( ,) ,( 3))(()()( KKKK ′−=′ ′∗ ′ δδ λλλλ TaTa , [ ] )(i) ,(  , ) ,( 3 XXXX ′−=′ δTPTQ , others=0. (5-21) 
Substituting (5-16) and (5-17) to (5-13), and using (5-21), we obtain 
) ,(
2
1d
2
1) ,() ,( d 23)(
2
1
)(
3
EM XKKK TPXTaTaKH ∫∑∫ +


 +=
=
∗ λ
λ
λ .         (5-22) 
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It is easy to obtain the set of eigenvectors of EMH  given by (5-22). 
5.3  The Lehmann-Symanzik-Zimmermann formalism of the current quantum 
electrodynamics 
    We state without explanation the Lehmann-Symanzik-Zimmermann formalism [1, 6, 16~21] of 
the current quantum electrodynamics under the Heisenberg picture, occupation number 
representation and the temporal gauge condition (4-23). 
① The equations of motion of the field operators )(xψ , )(xψ  and )(XA : 
( ) )()()( i xxexm ψΛγψγ µµµµ =−∂ ,                     (5-23) 
( ) )()( i)( xxemx µµµµ Λγψγψ −=+∂s ,                    (5-24) 
) , () , () , () , (
 
XζXAXAXA TeTTT
T
=⋅∇∇+∇⋅∇−∂
∂ & .            (5-25) 
In (5-23) ~ (5-25) 
)()(  ,0)(0 xxx AΛ ==Λ ,                         (5-26) 
) , () , () , () , ( XγXXjXζ TTTT ψψ== .                  (5-27) 
According to (5-23) and (5-24) we have 
( ) ( ) 0)()()()()()()( 0000 =⋅∇+∂∂=⋅∇+∂∂=∂∂ xxx xγxxx xjx xj ψψψψµ
µ
γj .         (5-28) 
② A constraint condition pressing on physical state vectors 
A physical state vector 〉phy Ψ  in the Heisenberg picture describing actual system of 
electrons and photons must satisfies 
( ) 0 ) , () , ( phy0phy =〉+⋅∇〈 ΨζΨ XXA TeT& ,                  (5-29) 
where 
) , () , () , () , ( 000 XXXX TTTjT ψγψζ == .                 (5-30) 
In fact, a physical state vector 〉phy Ψ  satisfies (5-29) if and only if, for the operators 
) , ( 0 XA T&  and ) , ( 00 XTζ  of initial time 0T , it satisfies 
( ) 0 ) , () , ( phy000phy =〉+⋅∇〈 ΨζΨ XXA TeT& .                (5-31) 
Because, according to (5-25), (5-27), (5-28) and (5-30) we have 
T
Te
T
TjeTeTeT
T ∂
∂−=∂
∂−=⋅∇=⋅∇=⋅∇∂
∂ ) , () , () , () , () , (
00 XXXjXζXA ζ& , 
namely, 
( ) 0) , () , ( 0 =+⋅∇∂∂ XXA TeTT ζ& ;                     (5-32) 
And, further, notice that a state vector 〉Ψ  in the Heisenberg picture is independent of time, we 
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have 
( )( ) 0 ) , () , ( phy0phy =〉+⋅∇〈∂∂ ΨζΨ XXA TeTT & .                (5-33) 
Hence, if 〉phy Ψ  satisfies (5-31), then according to (5-33), for the operators ) , ( XA T&  and 
) , (0 XTζ  of arbitrary time T, it satisfies (5-29). 
    ③ “In” and “Out” fields 
By the following definitions we introduce the field operators )(x
out
inψ , )(x
out
inψ  and 
)(X
out
inA : 
)()()(d)()(
adv
ret
4
out
in2 yyyxSyexxZ ψΛγψψ µµ−−= ∫ ,             (5-34) 
)()()(d)()(
ret
adv
4
out
in2 xySyyyexxZ −−= ∫ µµΛγψψψ ,            (5-35) 
)() (d)()(
adv 
ret 
 4
out
in3 YYXYeXXZ ζAA ⋅−−=
→→∫ ∆ .              (5-36) 
In (5-34) and (5-35), ) (
adv 
ret 
 YX −→→∆  are given by (5-8); )(yµΛ  and )(Yζ  are given by (5-26) 
and (5-27), respectively; )(
adv
ret yxS −  read[6] 
( )( ) )()(  , )(i)( 00
adv
ret
adv
ret
adv
ret yxyxyxyxmx
yxS −−±=−−

 +∂
∂−=− ∆θ∆∆γ µµ m ,    (5-37) 
( ) ( )( ) 20ii
23
3
  , ee
2π)2(
di) ( mp
m
pyx yxpyxp +⋅=−
+⋅
−=− −⋅−⋅−∫ pppp∆ ;      (5-38) 
④ The asymptotic conditions 
Using the idea of “weak convergence”[1, 6, 16 ~ 21], we have the asymptotic conditions: 
∞→→ mtxZx    , )()(
out
in2ψψ ,                      (5-39) 
∞→→ mtxZx    , )()(
out
in2ψψ ,                      (5-40) 
∞→→ mtXZx    ,)()(
out
in3 AA .                      (5-41) 
    In (5-34) ~ (5-36) and (5-39) ~ (5-41), 2Z  and 3Z  are arisen from the adiabatic factor 
tεe  in the interaction terms[19]. 
⑤ The commutation relations of “In” fields 
{ } [ ]
. 0others
; )(i) ,( , ) ,(),(i) ,( , ) ,( 3inin
3
inin
=
′−=′′−=′+ XXXXxxxx δδδδψψ αββα ijji TATAtt &   (5-42) 
⑥ The Fock space 
The field operators )(in xψ  and ) ,(in XA T  can be written to the following forms: 
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  (5-44) 
The commutation relations of the operators ) ,(in sb p , ) ,(in sb p
+ , ) ,(in sd p , ) ,(in sd p+ , 
) ,(in)( KTa λ , ) ,(in)( KTa∗λ , ) ,(in XTQ  and ) ,(in XTP  read 
{ } { }[ ]
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XXXX
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λδδ
δδδδ
λλλλ
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     (5-45) 
The Fock space of the theory is constructed by the set of eigenvectors of the following two 
operators: 
( )∑∫
±
++ −++⋅=
s
spdspdspbspbmpH 1) ,() ,() ,() ,(d inininin
23
e pp ,         (5-46) 
) ,(
2
1d
2
1) ,() ,( d 2in
3
in)(
2
1
in)(
3
EM XKKK TPXTaTaKH ∫∑∫ +


 +=
=
∗ λ
λ
λ .       (5-47) 
The characteristics of (5-43) and (5-46) are well-known, (5-44) and (5-47) correspond to (5-16) 
and (5-22), respectively. 
Using such Fock space and according to (5-36), the constraint condition (5-31) becomes 
( ) 0 ) , () ,( phy0ininphy =〉+⋅∇〈 ΨζΨ XXA TeT& .                 (5-48) 
In (5-48), ) , (0in XTζ  is given by (5-30) in which )(xψ  and )(xψ  are substituted by )(in xψ  
and )(in xψ , respectively. 
⑦ The S-matrix 
    By the following definition we introduce the S-matrix of the theory[6]: 
〉〈=〉〈〈=〈〈=〈 − inininoutin1outoutin   ,   , ββββββββ SSS ,            (5-49) 
And, using Mˆ  to denote the field operators )(xψ , )(xψ  and )(xA , we have 
SxMSxM )(ˆ)(ˆ in
1
out
−= .                         (5-50) 
Hence, according to (5-23) ~ (5-25), (5-34) ~ (5-36) and (5-39) ~ (5-41), we can calculate the 
S-matrix in principle. 
   ⑧ The Lehmann-Symanzik-Zimmermann reduction formulas 
The method writing down the corresponding Lehmann-Symanzik-Zimmermann reduction 
formula for a S-matrix element is well-known[1, 6, 16 ~ 21], taking advantage of the reduction formula 
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we can calculate a S-matrix element by the field operators )(xψ , )(xψ  and )(XA , which can 
be obtained from (5-34) ~ (5-36) via perturbation method. 
We therefore have a self-sufficient system of the current quantum electrodynamics; in 
principle, we can obtain solution for arbitrary question in the current quantum electrodynamics. 
The main characteristic of this Lehmann-Symanzik-Zimmermann formalism is that it rests with 
the equations of motion of operators, and avoids Lagrangian or Hamiltonian. Thus, we can 
generalize this formalism to the case of the nonlocal theory given by this paper. 
5.4  A quantum theory of the nonlocal theory given by this paper 
Under the temporal gauge condition (4-23), for the functions J(x), )(xJ αβ  and )(xµνΩ  
given in §2.1 we have 
i
j
k
j
i
k
i
j
k
j
i
k
i
j
ji JJaAJ δΩδΩΩΩδΩδ µµµµ ==−===   ,   ,    ,   , 0 ,   00000 ;          (5-51) 
( ) ( ) ( ))(  , )(  , ) ,()(  ,   ,  0 ,  xAxAJJxxAaxAJJ l mijijl mijijm
l
l
m
l
m ΩΩδ ==∂
∂+== x .     (5-52) 
Notice that (5-52) predicates that all the functions J(x), )(xJ ij  and )(x
i
jΩ  are independent of 
time derivative term iA 0 ,  . And we can obtain some characteristics about 3-dimentional quantities 
J , ijJ  and 
i
jΩ  by using methods shown in §2. For example, corresponding to (2-34), (2-23) 
and (2-36), we have 
( )( ) ( ) ( )( )ni jnll x TaTAJX Ta ∂+−∂−=∂+−∂ ) , () , () , (
3
 ,  
3 XAXxXXAXx δδ ,       (5-53) 
( ) ( ) ( )) , () , (
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TAJ i
j
v
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i
ju
v
i
j Ω=∂
∂
,               (5-54) 
( )( ) ( ) ( )( )mi jmll X TaTAaTA Ta ∂ +−∂=∂ +−∂ ) , ( ) , () , ( ) , (
3
 ,  
3 XAXxX
X
XAXx δΩδ .      (5-55) 
Under the temporal gauge condition (4-23), (3-8), (A-9), (A-10) and (A-14) becomes 
0)(0 )0( =xΦ , ( )( ) ) ,() ,(d) ,( 33 )0( yyAyxx tAtayt ii +−= ∫ δΦ ;           (5-56) 
( )( ) )()()( ,d )( 0 ,00420 )1( yAyAyayxDyxxx jiji Ayx +−−∂∂ ∂−= ∫⊥Φ ,         (5-57) 
( )( )
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∂=
∫
∫⊥
Ayx
AyxΦ
    (5-58) 
( )( ) )()()( ,d)( 0 ,  ,   0040 )2( yAyAyayxDyxx kj kj Ayx +−−∂∂−= ∫⊥Φ ,                  (5-59) 
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   (5-60) 
( )( ) . )(1)()()( )( ,d)( 2 ,  10042)1//(  −++−−∂∂ ∂= ∫ zAazJbzAyAbyayxDyxxx jkj kj AyxµµΦ (5-61) 
For establishing a quantum theory of the nonlocal theory given by this paper via the 
Lehmann-Symanzik-Zimmermann approach, based on the discussion in §5.3, what we must do are 
only the following three steps: 
① Instead of (5-26) and (5-27), in (5-23) ~ (5-25), (5-34) ~ (5-36) and (5-39) ~ (5-41), we 
take 
( ) ( ) )()()()( 0 )1//(W0 )2(W0 )1(0 xaxaxax ΦΦΦΛ ++= ⊥⊥ ,               (5-62) 
( ) ( ) )()()()()(  )1//(W )2(W )1( )0( xaxaxaxx iiiii ΦΦΦΦΛ +++= ⊥⊥ ;            (5-63) 
( ) ( ) ( )( )
( ) ( ) ( )( )( ) . ) , () , (d) , () , () , (   
) , () , (d) , () , () , (
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TaTxjTATAJTζ
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m
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l
δΩ
δΩ
&  (5-64) 
where )(  , )(  , )( )2()1()0( xxx
µµµ ΦΦΦ ⊥⊥  and )()1//( xµΦ  in (5-62) and (5-63) are given by (5-54) ~ 
(5-59); ( )WL  means an appropriate operators ordering, of which the exact definition will be 
given in below discussion. The form (5-64) of ) , ( XTζ l  is obtained according to the equation of 
motion (3-21), the temporal gauge condition 00 =A , (5-51) and (5-52), in which the appropriate 
operators ordering has been considered. 
② Instead of (5-31), in the constraint condition (5-30),  
( ) ( )( )∫ +−= ) , () , (d ) , () , ( 303 ,  0 XAXxxXX TaTxjTAJT i j δζ .         (5-65) 
The form (5-65) of ) , (0 XTζ  is also obtained according to (3-20), 00 =A , (5-51) and (5-52). 
Similar to the case of the current quantum electrodynamics, a physical state vector 〉phy Ψ  
satisfies (5-30), in which ) , (0 XTζ  is given by (5-65), if and only if, for the operators ) , ( 0 XA T&  
and ) , ( 0
0 XTζ  of initial time 0T , it satisfies (5-32). Because, according to (5-26) and (5-64) we 
have 
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(5-66) 
for the first term in (5-66), using (5-53), integration by parts for ∫ x3d  and (5-28), for the rest 
terms using (5-54) and (5-55), we obtain 
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On the other hand, for arbitrary operator ( )) , ( ,) , (  ,  XX TATA l miΠ  as a function of 
) , ( XTAi  and ) , ( ,  XTA
l
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Thus, for ) , (0 XTζ  given by (5-65) we have 
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    Comparing (5-67) and (5-69), we have 
T
TeT
T ∂
∂−=⋅∇∂
∂ ) , () , (
0 XXA ζ& , 
namely, (5-32) still holds. Hence, through similar discussion, we obtain the conclusion that a 
physical state vector 〉phy Ψ  satisfies (5-29) if and only if it satisfies (5-31), and, further, (5-48). 
Of course, in (5-29) ~ (5-33) and (5-48), ) , (0 XTζ  is now given by (5-65). 
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③ Definition of the appropriate operators ordering 
Notice that, in the current QED, according to (5-25), (5-27) and the commutation relations 
(5-42) of “In” and “Out” fields we can prove the commutation relations of the field operators 
)(xψ , )(xψ  and )(XA : 
 { } [ ] . 0others  ; )(i) ,( , ) ,(),(i) ,( , ) ,( 33 =′−=′′−=′+ XXXXxxxx δδδδψψ αββα ijji TATAtt &  (5-70) 
Namely, (5-70) are not axioms but educible conclusions.  
On the other hand, for the nonlocal theory given in this paper, (5-70) does not hold. For 
instance, according to (5-25) and (5-64) we have 
[ ] [ ] [ ]
( )( )[ ], ) , () , ( , ) ,(
) ,( , ) ,() ,( , ) ,() ,( , ) ,(
W ,  XXX
XXXXXX
′′−=
′−′=′∂
∂
TAfTATAae
TATAaeTATATATA
T
i
j
j
k
ki
jijiji
&
&&&&&
     (5-71) 
where 
( ) ( ) ( ) ( )( )∫ +−= ) , () , (d) , () , () , ( 303 ,   ,   ,  XAXxxXXX TaTxjTATAJTAf i jlmi ji jlm δΩ .  (5-72) 
In the calculation of (5-71), we have used [ ] 0) ,( , ) ,( =′XX TATA ji  and 
[ ] 0) ,( , ) ,( =′XX TATA ji && , we can prove that these two formulas hold for the nonlocal theory 
given in this section. 
From (5-71) we see that [ ] 0) ,( , ) ,( ≠′∂∂ XX TATAT ji & . Hence, even if 
[ ] [ ] )(i) ,( , ) ,( ) ,( , ) ,( 3inin XXXXXX ′−=′=′ −∞→ δδ ijjiTji TATATATA && ,      (5-73) 
we still have [ ] )(i) ,( , ) ,( 3 XXXX ′−≠′ δδ ijji TATA &  for arbitrary time T. 
We therefore can not define ( )WL  in (5-62) ~ (5-64) and (5-68) as the Weyl ordering, 
because the Weyl ordering is arisen from the commutation relations (5-70). 
On the other hand, if we use perturbation method for (5-34) ~ (5-36) to obtain series 
solutions of the field operators )(xψ , )(xψ , )(XA  and )(XA& , then all )(xψ , )(xψ , )(XA  
and )(XA&  are functions (series) of )(in xψ , )(in xψ , )(in XA  and )(in XA& , whose the 
commutation relations are given by (5-42). Thus, we can try to define the generalized Weyl 
ordering ( )W) , , ,( AA &ψψV  as such manner: after )(xψ , )(xψ , )(XA  and )(XA&  are 
expressed by )(in xψ , )(in xψ , )(in XA  and )(in XA& , in ) , , ,(~) , , ,( inininin AAAA && ψψψψ VV = , 
all )(in xψ , )(in xψ , )(in XA  and )(in XA&  obey the Weyl ordering. 
Another definition of the appropriate operators ordering is that, after )(in xψ , )(in xψ , 
)(in XA  and )(in XA&  are expressed by ) ,(in sb p , ) ,(in sb p+ , ) ,(in sd p , ) ,(in sd p+ , ) ,(in)( KTa λ , 
) ,(in)( KTa
∗λ , ) ,(in XTQ  and ) ,(in XTP , in the expression 
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, )) ,( ,) ,( ,) ,( ,) ,( ,) ,( ,) ,( ,) ,( ,) ,((
) , , ,(~) , , ,(
ininin)(in)(inininin
inininin
XXKKpppp
AAAA
TPTQTaTasdsdsbsbV
VV
∗++=
=
λλ
ψψψψ &&
 
all the operators ) ,(in sb p , ) ,(in sb p
+ , ) ,(in sd p , ) ,(in sd p+ , ) ,(in)( KTa λ , ) ,(in)( KTa∗λ , 
) ,(in XTQ  and ) ,(in XTP  obey so called “normal product” ordering. 
    In any case, the definition ( )WL  of the appropriate operators ordering in (5-62) ~ (5-64) 
and (5-68) is after all determined by comparing theoretic calculation results with experimental 
data. 
Via the above three steps and remaining the all rest formulas in §5.3, we have established a 
self-sufficient quantum theory of the nonlocal theory given by this paper. Similar to the current 
quantum electrodynamics, in principle, we can obtain solution for arbitrary question in such 
quantum theory of the nonlocal theory. 
Some questions, for example, gauge invariance of the S-matrix and microscopic causality, i.e., 
the condition that the commutator of two Heisenberg field operators taken at two spacelike 
separated points strictly vanish, of such quantum theory of the nonlocal theory given in this 
section will be studied further. 
 
6  Summary 
In this paper, we present a theory of quantum electrodynamics with nonlocal interaction, all 
the action, the equations of motion of charged particle and electromagnetic field are given by 
(3-13) ~ (3-15), (3-17) and (3-19), respectively; and all these qualities are invariable under the 
generalized gauge transformation (1-12), (4-22) and (4-1). The generalized gauge transformation 
can guarantee that the temporal gauge condition 0)(0 =xA  holds or the Lorentz gauge condition 
0)( =∂
∂
µ
µ
x
xA  holds, respectively. It is important that, for the case of free fields, charged particle 
and electromagnetic field obey the Dirac equation and the Maxwell equation of free fields, 
respectively; for the case with interaction, both the equations of motion of charged particle and 
electromagnetic field lead to current conservation 0)( ,    =xj µ µ  naturally. Besides these 
characteristics, the Lorentz invariance of the theory is obvious, and we can verify easily that the 
theory returns to the current QED when a = 0. 
    Hence, the theory of quantum electrodynamics with nonlocal interaction satisfies all 
conditions that a generalized theory must satisfy. 
Besides these characteristics, we have established the corresponding quantum theory under 
the temporal gauge condition by taking advantage of the Lehmann-Symanzik-Zimmermann 
formalism. Of course, for quantization of the theory, one can establish the corresponding quantum 
theory under the Lorentz gauge condition by the same approach (see the Appendix E of this paper), 
or uses other methods, e.g., functional method. However, in my opinion, the quantum theory under 
the temporal gauge condition should be as the foundation of other quantum theory. 
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On the other hand, for the quantum theory given in §5.4, besides the problem of gauge 
invariance of the S-matrix and microscopic causality, it is obvious that it is very complicated when 
we use it to calculate actual physical process; for which we therefore must develop convenient 
calculation technology. 
 
 
 
 
Appendix A  The forms of )(xµΦ⊥  and )(xµΦ  
Via integration by parts, )(xµΦ⊥  given by (3-6) can be expressed to the following forms: 
( )
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using (2-58), )(xµΦ⊥  can also be written to the form 
( )( ) )()()()(d)( 4 yFyJyJyaAyxDy
x
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we have 
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The first term in (A-4) can be written to the form 
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in the above calculation, (2-35) is used. The first term in the last expression of (A-5) reads 
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substituting (A-6), (A-5) to (A-4), and defining 
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The above functions have the following characteristics: 
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On the other hand, from (3-9) and (3-11) we have 
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    Finally, we obtain 
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where )()0( x
µΦ  is given by (3-8). 
Using the method obtaining (4-7) from (4-6), we have 
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Similar to (4-6) we have 
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from (A-9), (A-10), (A-14) and (A-17) we have 
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then substituting the above formula to (A-18), after integration by parts and ignoring surface terms, 
we have 
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Substituting (A-16) and (A-19) to (A-15), we obtain 
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Appendix B  The derivation of the equation of motion of  
 electromagnetic field according to the action principle 
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We write the action (3-13) to the form: 
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Calculating integration by parts for γx  and τx , and notice 
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we can verify that (B-3) returns to (1-23) when a = 0. 
After long-winded calculation, we can obtain another form of EMS : 
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where µνλϕ        (1)  and µνϕ )2(  are given by (A-7) and (A-3), respectively. Notice that the second 
derivative term )( ,  ,   yA
γ κχ  appears in (B-4) due to )()()(
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the form of )()EM( xS i  is (B-4), but in which the function ( )( ))(yaAyxD +−  is replaced by 
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The variational equation for )( yAµ  becomes 
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We employ (B-2) to calculate 
)(δ
δ EM
yA
S
µ  and obtain 
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In the above calculation process, we have used integration by parts for γx  and the formula 
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γγ
 according to (2-59). 
According to (B-6) we obtain 
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According to (B-7) we have 
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using (2-29), (2-30) and (2-58) we can prove 
( )( ) ( )( ) )()()()()(
)(
22
zA
xx
yaAyxD
y
ayAyJ
xx
yaAyxD
yA
νβµβαν
λβλβαµ δ



∂∂
+−∂
∂
∂=



∂∂
+−∂
∂
∂ , 
( )( ) ( )( ) )()()()()(
)(
22
yAy
xx
yaAyxD
y
ayA
xx
yaAyxD
yA
βνµβαν
β
βαµ Ω



∂∂
+−∂
∂
∂=



∂∂
+−∂
∂
∂ , 
we therefore obtain 
( )( ) ( ))()()()()()(d  
)(δ
δ
 ,   121
2
4I// yAabyyJbyJb
xx
yaAyxDxjxe
yA
S ν νβµβµβµβα
α
µ δΩ −+∂∂
+−∂−= ∫ . (B-11) 
Substituting (B-9), (B-10) and (B-11) to (B-8), we obtain the equation of motion of 
electromagnetic field: 
 43
( )( )( )
( )( )
( )( ) ( )
( )( ) ( ) . 0)()()()()()(d  
)(
)()()()(
              
)()()()(
)(
        
)()()()(d  d
 ,   121
2
4
 ,    
 ,      
444
=−+∂∂
+−∂−






∂
∂
∂
+−∂
∂
∂−






∂
+−∂
∂
∂×
++−
∫
∫∫
yAabyyJbyJb
xx
yaAyxDxjxe
yA
yFyJyJ
x
yaAyxD
y
yFyJyJ
x
yaAyxD
yA
xejzFzJzaAzxzx
ν νβµβµβµβα
α
µ ν
ρσλσβρ
λν
ρσλσβρλµ
αωχ χαωαβ
δΩ
δη
 (B-12) 
The equation (B-12) is so complicated that we have to try to predigest it. 
At first, according to 0 ,  ,      =ωχ ωχF , we have 
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we therefore can add the term  
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Using some formulas in §2, we can prove 
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    Assuming the inverse of ) , ( yxαµ∆  reads ) , ( yxM µν : 
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Substituting both (B-16) and (B-20) to (B-19), we have 
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We can try to seek the solution of ) , ( zyM µν  having the form: 
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Substituting (B-24) to (B-23), we obtain an equation that ) , ( ykmµν  must satisfy: 
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And, further, we can try to seek the solution of ) , ( ykmµν  having the following form: 
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substituting the above expression to (B-25) and comparing the power of a one by one, we have 
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In (B-28), the function µνλ )(~ nm  is known after 
ρ
σ
ρ
σ
ρ
σ )1()1()0(  ,  ,  , −nmmm L  are determined. It is 
obvious that the both equations (B-27) and (B-28) have solutions. We therefore have proved that 
the inverse ) , ( yxM µν  of ) , ( yxαµ∆  exists, and can be determined formally by (B-24), (B-26), 
(B-27) and (B-28). 
Calculating ) , (d 4 wyMy µν∫  for (B-14), and considering (B-19), we obtain 
( )( ) 0)()()()(d  ,      44 =++−∫ wejzFzJzaAzwz αωχ χαωδ .             (B-29) 
(B-29) is just (3-24), we thus have proved that if the equation (B-12) of motion of 
electromagnetic field that is obtained by the variational equation for )( yAµ  (B-8) directly holds, 
then (3-24) holds. On the other hand, it is obvious that if (B-29) holds, then (B-14), namely, (B-12) 
holds. Hence, we have proved that the equation of motion of electromagnetic field (3-19). 
 
 
Appendix C  A method discussing the gauge invariance of  
the equation of motion of electromagnetic field  
 
Notice 
( ))()(1)()()( xJxJ
ax
xA
x
xAxF µλνλνλµλλ
µνλ
λ
νµλµν ηηηη −=∂
∂−∂
∂= ,           (C-1) 
from (3-25) for )(xA µ′  and using (C-1) we have 
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If we set )(yAay ′′+′= µµµξ , then )(ξµµ yy ′=′ , notice 
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We now set )( yaAy µµµξ += , the relation between )(xA µ′  and )(xAµ  is given by (4-1), 
(C-3) becomes 
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in the above expression, the relation ( )yyy ′= µµ  or ( )yyy µµ ′=′  is determined by 
)()()()( yaKyaAyyAayyaAy ′+′+′=′′+′==+ µµµµµµµµ ξ .          (C-5) 
In (C-5), (4-1) is used. 
Comparing (C-4) and ν
µν
x
xF
∂
∂ )(~  given by (3-25), we obtain 
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In principle, after obtaining ( )yyy ′= µµ  and ( )yyy µµ ′=′  from (C-5), we can calculate ρ
α
y
y
′∂
∂  
and substitute these terms to (C-6); we therefore obtain an equation that the function )(xK µ  
must satisfy. 
As an example, we derive the equation (4-5) for the case that )(xK µ  is infinitesimal.  
At first, assuming 
)()()( )0( yaYyyyyy
µµµµ +′=′=′                       (C-7) 
and substituting it to (C-5), comparing the coefficients of the power of a one by one, we can 
obtain easily  
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And then, setting 
LL +++++= )()()()()( )()2(2)1()0( yYayYayaYyYyY nn µµµµµ ,            (C-10) 
and substituting (C-10) to (C-9), we first obtain 
)()()0( yKyY
µµ −= ;                           (C-11) 
and, further, comparing the coefficients of the power of a one by one and ignoring all the qualities 
of higher than first infinitesimal, we obtain 
. ) ,3 ,2 ,1(      )()()()()1(
)()()(
11
21  ,        ,     ,    
1
 ,     )1()(
LL =−=
−=
−−
−
nyKyAyAyA
yAyYyY
nn
n
n
nn
λλ
λ
λ
λ
µ
λ
µ ννµ
       (C-12) 
Substituting (C-11) and (C-12) to (C-10), we obtain an expression of )(yY µ : 
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for which we can prove 
( ) )()()()( )( ,    yKyYyJyYyaA µνµννµ νµνδ −==+ , 
we therefore obtain 
)()()( yKyyY νµνµ Ω−= .                        (C-14) 
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For the sake of brevity, we define 
)()()(~ yKyyK νµνµ Ω= ,                        (C-15) 
substituting (C-8) and (C-14) to (C-7), and considering (C-15), we obtain 
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hence, 
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According to (C-16) we have 
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    Substituting (C-18) and (C-20) to (C-6), we have 
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ignoring all the qualities of higher than first infinitesimal, we obtain 
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we can prove that (C-22) is just (4-5). 
 
 
Appendix D  The calculation of the momenta )(yµπ  conjugate to )(yAµ  
for the form of the action given by (B-1), (B-2), (B-6) and (B-7) 
 
According to the definition of momenta )(yµπ  conjugate to )(yAµ  and the form of the 
action given by (B-1), we have 
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in the above calculation process, we have used integration by parts for γx . 
    According to (B-6) we have 
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From (D-2) and (D-3) we have 
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    According to (B-7) we obtain 
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In the above calculation, (B-13) and (B-29) are used.  
Substituting (D-4) and (D-5) to (D-1), we obtain 
0)( =yµπ .                               (D-6) 
    For the current QED, if we employ (1-24), (1-23), (1-19) and (1-20) to calculate the 
momenta )(yµπ  conjugate to, then we have obtain the same result. In fact, we have 
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and then, according to (D-7) ~ (D-9) we obtain 
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In the above calculation, the equation of motion of electromagnetic field (1-8) is used. 
 
 
Appendix E  The Lehmann-Symanzik-Zimmermann formalism of 
quantum electrodynamics under the Lorentz gauge condition 
 
E.1  The current quantum electrodynamics 
    For obtaining the Lehmann-Symanzik-Zimmermann formalism of the current quantum 
electrodynamics under the Heisenberg picture, occupation number representation and the Lorentz 
gauge condition 0)( =∂
∂
µ
µ
x
xA , based on the discussion in §5.3, what we do are only the following 
two steps: 
① Using the following nine equations instead of (5-25), (5-26), (5-27), (5-36), (5-41), (5-42), 
(5-44), (5-45) and (5-47), respectively: 
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Now, in (5-23), (5-24), (5-34) and (5-35), )(xµΛ  is given by (E-2); ) (
adv
ret YXD −  in (E-4) is 
given by (2-60). 
② A constraint condition pressing on physical state vectors 
Instead of the discussion (5-29) ~ (5-33) about constraint condition pressing on physical state 
vectors, under the Lorentz gauge condition 0)( =∂
∂
µ
µ
x
xA , a physical state vector 〉phy Ψ  in the 
Heisenberg picture describing actual system of electrons and photons must satisfies 
0 ) ,( ) ,( )( phyphyphy
0
phyphyphy =〉⋅∇〈+〉∂
∂〈=〉∂
∂〈 ΨΨΨΨΨΨ λ
λ
XAX T
T
TA
X
XA ,    (E-10) 
We have proved that λ
λ
X
XA
∂
∂ )(  is free field in the nonlocal theory given by this paper (See 
(4-31)), this conclude of course holds for the current QED; hence, a physical state vector 〉phy Ψ  
satisfies (E-10) if and only if, for the operators ) , ( 0 XTA
µ  of initial time 0T , it satisfies 
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0
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T
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And, further, for the Fock space constructed by the set of eigenvectors of the two operators 
given by (5-46) and (E-9), according to (E-4), the constraint condition (E-11) becomes 
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For this Fock space, indefinite metric and the work of the constraint condition (E-12) on the 
eigenvectors of the operator given by (E-9) are necessary, we no longer repeat these well-known 
contents. 
Via the above two steps and remaining the all rest formulas in §5.3, we have established the 
Lehmann-Symanzik-Zimmermann formalism of the current quantum electrodynamics under the 
Lorentz gauge condition 0)( =∂
∂
µ
µ
x
xA . 
E.2  A quantum theory of the nonlocal theory given by this paper 
For establishing a quantum theory of the nonlocal theory given by this paper via the 
Lehmann-Symanzik-Zimmermann approach, based on the above discussion, what we must do is  
only, instead of (E-2) and (E-3), to take 
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In (E-13), )(xµΦ  is given by (A-15). Under the Lorentz gauge condition 0)( =∂
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We can try to definite that the appropriate operators ordering ( )WL  in (E-14) is that, after 
)(xψ , )(xψ  and )(XAµ  are expressed by )(in xψ , )(in xψ  and )(in XAµ  via perturbation 
method to solving the equations (5-34), (5-35) and (E-4) of the operators )(xψ , )(xψ  and 
)(XAµ , and, further, after )(in xψ , )(in xψ  and )(in XAµ  are expressed by ) ,(in sb p , ) ,(in sb p+ , 
) ,(in sd p , ) ,(in sd p
+ , )(in)( Kλa  and )(in)( K∗λa , in an expression 
))( ,)( ,) ,( ,) ,( ,) ,( ,) ,(() , , ,(~) , , ,( in)(in)(inininininininin KKppppAAAA
∗++== λλψψψψ aasdsdsbsbVVV && , 
all the operators ) ,(in sb p , ) ,(in sb p
+ , ) ,(in sd p , ) ,(in sd p+ , )(in)( Kλa  and )(in)( K∗λa  obey so 
called “normal product” ordering. 
    We therefore have established a self-sufficient quantum theory under the Lorentz gauge 
condition 0)( =∂
∂
µ
µ
x
xA  of the nonlocal theory given by this paper. Similar to the current quantum 
electrodynamics, in principle, we can obtain solution for arbitrary question in such quantum 
theory of the nonlocal theory. 
Notice that according (E-4) and (E-14), [ ] 0) ,( , ) ,( ≠′∂∂ XX TATAT νµ & ; hence, even if 
[ ] [ ] )(i) ,( , ) ,( ) ,( , ) ,( 3inin XXXXXX ′−−=′=′ −∞→ δηµννµνµ TATATATA T && , 
we still have [ ] )(i) ,( , ) ,( 3 XXXX ′−−≠′ δη µννµ TATA &  for arbitrary time T. This is different 
from the current quantum electrodynamics. For the current QED, according (E-4), (E-3) and (E-6), 
we can prove [ ] )(i) ,( , ) ,( 3 XXXX ′−−=′ δηµννµ TATA &  for arbitrary time T. 
Gauge invariance of the S-matrix and microscopic causality of such quantum theory of the 
nonlocal theory given in this section will be studied further. 
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